In this paper, we generalized the notion of proximal contractions of the first and second kinds by using Geraghty's theorem and establish best proximity point theorems for proximal contractions. Our results improve and extend the recent results of Sadiq Basha and some others. MSC: 47H09; 47H10
Introduction
Several problems can be modeled as equations of the form Tx = x, where T is a given self-mapping defined on a subset of a metric space, a normed linear space, a topological vector space or some suitable space. However, if T is a nonself-mapping from A to B, then the aforementioned equation does not necessarily admit a solution. In this case, it is contemplated to find an approximate solution x in A such that the error d(x, Tx) is minimum, where d is the distance function. In view of the fact that d(x, Tx) is at least
d(A, B), a best proximity point theorem guarantees the global minimization of d(x, Tx) by the requirement that an approximate solution x satisfies the condition d(x, Tx) = d(A, B).
Such optimal approximate solutions are called best proximity points of the mapping T. Interestingly, best proximity theorems also serve as a natural generalization of fixed point theorems, for a best proximity point becomes a fixed point if the mapping under consideration is a self-mapping.
A classical best approximation theorem was introduced by Fan In , Banach proved that every contractive mapping in a complete metric spaces has a unique fixed point, which is called Banach's fixed point theorem or Banach's contraction principle. Since Banach's fixed point theorem, many authors have extended, improved and generalized this theorem in several ways. Some applications of Banach's fixed point theorem can be found in [-] . One of such generalizations is due to Geraghty 
where α ∈ S, S is the family of functions from [, ∞) into [, ) which satisfies the condition
Then the sequence {f n } converges to the unique fixed point of f in X.
In , Eldred et al.
[] obtained best proximity point theorems for relatively nonexpansive mappings. Best proximity point theorems for several types of contractions were established in [-] .
Recently, Sadiq Basha in [] gave necessary and sufficient conditions to claim the existence of a best proximity point for proximal contractions of the first kind and the second kind, which are non-self mapping analogues of contraction self-mappings, and also established some best proximity and convergence theorems.
The aim of this paper is to introduce the new classes of proximal contractions, which are more general than a class of proximal contractions of the first and second kinds, by giving the necessary condition to have best proximity points, and we also give some illustrative example of our main results. The results of this paper are extension and generalizations of the main result of Sadiq Basha in [] and some results in the literature.
Preliminaries
Given nonempty subsets A and B of a metric space (X, d), we recall the following notations and notions that will be used in what follows.
If A ∩ B = ∅, then A  and B  are nonempty. Further, it is interesting to notice that A  and B  are contained in the boundaries of A and B, respectively, provided A and B are closed subsets of a normed linear space such that d(A, B) >  (see [] ).
Definition . [] A mapping T : A → B is called a proximal contraction of the first kind if there exists
It is easy to see that a self-mapping that is a proximal contraction of the first kind is precisely a contraction. However, a nonself-proximal contraction is not necessarily a contraction. http://www.fixedpointtheoryandapplications.com/content/2013/1/180
It is easy to see that if we take β(t) = k, where k ∈ [, ), then Geraghty's proximal contraction of the first kind and Geraghty's proximal contraction of the second kind reduce to a proximal contraction of the first kind (Definition .) and a proximal contraction of the second kind (Definition .), respectively.
Next Proof Let x  be a fixed element in A  . In view of the fact that S(A  ) ⊆ B  and A  ⊆ g(A  ), it follows that there exists an element x  ∈ A  such that
By the same method, we can find x n in A  such that
So, inductively, one can determine an element x n+ ∈ A  such that
, S is Geraghty's proximal contraction of the first kind, g is an isometry and the property of β, it follows that for each n ≥ 
which implies that the sequence {d(x n+ , x n )} is non-increasing and bounded below. Hence there exists r ≥  such that
Since β ∈ S, we have r =  which is a contradiction and hence
Now, we claim that {x n } is a Cauchy sequence. Suppose that {x n } is not a Cauchy sequence. Then there exists ε >  and subsequences {x m k }, {x n k } of {x n } such that for any
and so it follows from (.) and (.) that
Notice also that
and so
Taking k → ∞ in the above inequality, by (.), (.) and β ∈ S, we get ε = , which is a contradiction. So we know that the sequence {x n } is a Cauchy sequence. Hence {x n } converges to some element x ∈ A. Similarly, in view of the fact that T(B  ) ⊆ A  and A  ⊆ g(A  ), we can conclude that there exists a sequence {y n } such that it converges to some element y ∈ B. Since the pair (S, T) is a proximal cyclic contraction and g is an isometry, we have
and so x ∈ A  and y ∈ B  . Since
From (.) and (.), since S is Geraghty's proximal contraction of the first kind of S, we get
Letting n → ∞ in the above inequality, we get d(u, gx) ≤  and so u = gx. Therefore, we have
Similarly, we can show that v = gy and so
From (.), (.) and (.), we get
Next, to prove the uniqueness, suppose that there exist x * ∈ A and y * ∈ B with x = x * and y = y * such that
Since g is an isometry and S is Geraghty's proximal contraction of the first kind, it follows that
which is a contradiction. Thus we have x = x * . Similarly, we can prove that y = y * .
On the other hand, let {u n } be a sequence in A and { n } be a sequence of positive real numbers such that
where z n+ ∈ A satisfies the condition that
By (.) and (.), since S is Geraghty's proximal contraction of the first kind and g is an isometry, we have
For any > , choose a positive integer N such that n ≤ for all n ≥ N . Observe that
Since >  is arbitrary, we can conclude that for all n ≥ N the sequence {d(x n , u n )} is nonincreasing and bounded below and hence converges to some nonnegative real number r . Since the sequence {x n } converges to x, we get
Suppose that r > . Since
it follows from inequalities (.), (.) and (.) that
which is a contradiction. Thus r =  and hence {u n } is convergent to the point x. This completes the proof.
If g is the identity mapping in Theorem ., then we obtain the following. If g is the identity mapping in Corollary ., we obtain the following corollary. Next, we establish a best proximity point theorem for nonself-mappings which are Geraghty's proximal contractions of the first kind and the second kind.
Theorem . Let (X, d) be a complete metric space and let A, B be nonempty closed subsets of X. Further, suppose that A  and B  are nonempty. Let S : A → B and g : A → A be the mappings satisfying the following conditions: (a) S is Geraghty's proximal contraction of the first and second kinds; (b) g is an isometry; (c) S preserves isometric distance with respect to g;
(d) S(A  ) ⊆ B  ; (e) A  ⊆ g(A  ).
Then there exists a unique point x ∈ A such that d(gx, Sx) = d(A, B).
Moreover, for any fixed x  ∈ A  , the sequence {x n } defined by
converges to the element x.
On the other hand, a sequence {u n } in A converges to x if there exists a sequence { n } of positive numbers such that
where z n+ ∈ A satisfies the condition that d(gz n+ , Su n ) = d(A, B).
Proof Since S(A  ) ⊆ B  and A  ⊆ g(A  ), as in the proof of Theorem ., we can construct the sequence {x n } in A  such that
for each n ≥ . Since g is an isometry and S is Geraghty's proximal contraction of the first kind, we see that
for all n ≥ . Again, similarly, we can show that the sequence {x n } is a Cauchy sequence and so it converges to some x ∈ A. Since S is Geraghty's proximal contraction of the second http://www.fixedpointtheoryandapplications.com/content/2013/1/180 kind and preserves the isometric distance with respect to g, we have
which means that the sequence {d(Sx n+ , Sx n )} is non-increasing and bounded below. Hence there exists r ≥  such that
Suppose that r > . Observe that
Taking k → ∞ in the above inequality, we get β(d(Sx n- , Sx n )) → . Since β ∈ S, we have r =  which is a contradiction and thus
Now, we claim that {Sx n } is a Cauchy sequence. Suppose that {Sx n } is not a Cauchy sequence. Then there exists ε >  and subsequences {Sx m k }, {Sx n k } of {Sx n } such that, for any n k > m k ≥ k,
and so it follows from (.) and (.) that
So, it follows that 
Since S is Geraghty's proximal contraction of the first kind, it follows from (.) and (.) that
for all n ≥ . Taking n → ∞ in (.), it follows that the sequence {gx n } converges to a point u. Since g is continuous and lim n→∞ x n = x, we have gx n → gx as n → ∞. By the uniqueness of the limit, we conclude that u = gx. Therefore, it follows that
B).
The uniqueness and the remaining part of the proof follow from the proof of Theorem .. This completes the proof.
If g is the identity mapping in Theorem ., then we obtain the following. If g is the identity mapping in Corollary ., then we obtain the following. Moreover, for any fixed x  ∈ A  , the sequence {x n } defined by
converges to the best proximity point x of S.
Examples
Next, we give an example to show that Definition . is different from Definition .; moreover, we give an example which supports Theorem .. First, we give some proposition for our example as follows. 
for all a, b ∈ [, ∞).
Proof If x = y, we have done. Suppose that x > y. Then since we have
it follows that ln( + x) -ln( + y) < ln( + |x -y|). In the case x < y, by a similar argument, we can prove that inequality (.) holds.
Proposition . For each x, y ∈ R, we have that the following inequality holds:
Example . Consider the complete metric space R  with Euclidean metric. Let
Then d(A, B) = . Define the mappings S : A → B as follows:
First, we show that S is Geraghty's proximal contractions of the first kind with β ∈ S defined by
Then we have a i = ln( + |x i |) for i = , . If x  = x  , we have done. Assume that x  = x  . Then, by Proposition . and the fact that the function f (x) = ln( + t) is increasing, we have
Thus S is Geraghty's proximal contraction of the first kind. Next, we prove that S is not a proximal contraction of the first kind. Suppose S is a proximal contraction of the first kind, then for each (,
From (.), we get x * = ln( + |a * |) and y * = ln( + |b * |) and so
Letting b * = , we get
which is a contradiction. Thus S is not a proximal contraction of the first kind.
Example . Consider the complete metric space R  with metric defined by
Define two mappings S : A → B, T : B → A and g : A ∪ B → A ∪ B as follows:
Then , ,
Thus S is Geraghty's proximal contraction of the first kind. Similarly, we can see that T is 
Conclusions
This article has investigated the existence of an optimal approximate solution, the socalled best proximity point, for the generalized notion of proximal contractions of the first and second kinds, which were defined by Sadiq Basha in [] . Furthermore, an algorithm for computing such an optimal approximate solution and example which supports our main results have been presented.
